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It is well known that sufficiently strong electrostatic fields are able to change the morphology of
Large Area Field Emitters (LAFEs). This phenomenon affects the electrostatic interactions between
adjacent sites on a LAFE during field emission and may lead to several consequences, such as: the
emitter’s degradation, diffusion of absorbed particles on the emitter’s surface, deflection due to
electrostatic forces and mechanical stress. These consequences are undesirable for technological
applications, since they may significantly affect the macroscopic current density on the LAFE.
Despite the technological importance, these processes are not completely understood yet. Moreover,
the electrostatic effects due to the proximity between emitters on a LAFE may compete with the
morphological ones. The balance between these effects may lead to a non trivial behavior in the
apex-Field Enhancement Factor (FEF). The present work intends to study the interplay between
proximity and morphological effects by studying a model amenable for an analytical treatment. In
order to do that, a conducting system under an external electrostatic field, with a profile limited
by two mirror-reflected triangular protrusions on an infinite line, is considered. The FEF near the
apex of each emitter is obtained as a function of their shape and the distance between them via a
Schwarz-Christoffel transformation. Our results suggest that a tradeoff between morphological and
proximity effects on a LAFE may provide an explanation for the observed reduction of the local
FEF and its variation at small distances between the emitter sites.
PACS numbers: 73.61.At, 74.55.+v, 79.70.+q
I. INTRODUCTION
The emission of electrons by a conducting surface,
when a strong electrostatic field is applied, is an interest-
ing phenomenon that has led to important scientific and
technological developments [1–5], specially in the particu-
lar regime of Cold Field Electron Emission (CFE) [6–12].
Although this is a quantum phenomenon, since it is ex-
plained by a tunneling process, it also involves a classical
counterpart. This happens because the potential barrier
experienced by the electrons during the emission depends
on the electric field on the surface, which is determined
from the solution of Laplace’s equation. For this reason,
studying classical solutions of the electrostatic field on
surfaces with different geometries is also an important
task to describe the field emission phenomenon. Since
very high fields are required to extract electrons, i.e. of
the order of a few V/nm in pure metals with a classical
planar smooth surface, geometries able to provide a large
local Field Enhancement Factor (FEF) are then required.
Thus, it is interesting to consider emitters with geome-
tries having protrusions, corners, edges and/or tips, such
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as the ones proposed in Refs. [13–19]. The phenomenon
of higher emission near the emitters’ edges is an impor-
tant topic surveyed in Ref.[20]. The FEF at the apex of a
protrusion is a particularly important physical quantity
[4].
The interest in producing Large Area Field Emitters
(LAFEs) has substantially increased in order to achieve
a better understanding in the production of vacuum
nanoelectronic devices for applications such as: high-
brightness electron sources [21], high power microwave
vacuum devices [22] and x-ray generators [23]. Exam-
ples of reported field emission cathodes for x-ray sources
include silicon [24] and carbon nanotube emitter arrays
[24]. The sub-critical self-oscillation of a field emission
nanoelectromechanical system, formed by a single res-
onator, has also been observed [25]. This opens new pos-
sibilities for the development of high-speed autonomous
nanoresonators and signal generators, showing that field
emission is a promising physical route for building new
nanocomponents.
In a LAFE, the emitter comprises of many individual
emitters or emission sites, each one with its own charac-
teristics. Considering ungated emitters, two aspects are
particularly relevant for a LAFE’s production. First, the
actual spacing between the emitters in an array will vary
from their nominal spacing due to limitations in manufac-
turing devices/processes [26]. Second, near the border of
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2the array, the emitters experience a reduced electrostatic
interaction that leads to higher FEFs than the ones at
the center of the array. This is responsible for a nonuni-
form emission along the LAFE [27]. These aspects have
motivated theoretical studies based on the electrostatic
interaction between emitters in small clusters [28–33]. In
addition, an interesting phenomenon, called Close Prox-
imity Electrostatic Effect (CPEE), has been recently re-
ported [28, 29, 32, 33]. It is generally expected that the
FEF of two emitter sites, in a small cluster or in an ar-
ray, would be reduced when they are close to each other.
The CPEE, differently from the electrostatic shielding,
consists of an increasing of the characteristic local FEF,
as long as the emitter sites become closer to each other
in some specific interval [28, 29, 32, 33]. Since the CPEE
was recently reported and there are just a few works con-
cerning this effect in the literature, it is not yet clear
whether any kind of geometry would be able to provide
CPEE. Thus, this investigation in itself is appealing, con-
sidering that this effect is promising for technological ap-
plications, specially the ones related to self-oscillations of
mult-tip resonators.
Another difficulty to be overcome during LAFE’s ap-
plications, which includes electron sources, is the vacuum
arcing. A common hypothesis behind this phenomenon,
that usually occurs after intense field electron emission, is
the emergence of high local current densities, yielding the
so called Nottingham heating [34, 35]. Nottingham heat-
ing leads to local temperatures close to the melting point
of the emitter and evaporation of neutral atoms [36–38].
As a consequence of this phenomenon, the shape of the
emitter sites and the distance between them may vary,
leading to a possible degradation of the emitter. These
aspects are expected to modify the corresponding local
FEFs along the LAFE, by a competition between two
effects: the changing in the morphology of the emitter
sites and the reduction of their local FEFs due to the
proximity between them, the last one usually known by
“shielding”. Cahay and collaborators have reported that
the Fowler-Nordheim (FN) plots reflect the changing in
the FEF when the emitter’s morphology, formed by car-
bon nanotube (CNT) fibers, varies when a high field is
applied [39]. A few years later, the influence of the mor-
phology of a single CNT in field emission has been studied
for different values of the cathode-anode gap [40]. The
influence of vacuum breakdown on the behavior of the
emitter’s morphology has been considered in [41]. Also,
the electric field distribution and current emission in a
miniaturized geometrical diode has been recently stud-
ied [42].
Following the aforementioned motivations, this paper
provides an analytical study of the apex-FEF of two iden-
tical emitters mirror-symmetrically disposed, that con-
sider the interplay between shape and shielding effects
during field emission. To this end, we have considered a
two-dimensional emitter profile, with its frontier limited
by two identical triangular protrusions on a line, under
an external electrostatic field. The FEF in the vicinity
of the top of each triangular protrusion is analytically
obtained, as a function of the geometric parameters of
the LAFE, via Schwarz-Christoffel conformal mapping.
The case of two adjacent triangular protrusions is con-
sidered at first and then the results are generalized to
the case of distant protrusions. The results presented
in this manuscript allow one to infer the limits in which
the increase of the FEF, due to a variation of the emit-
ters’ shape, is attenuated by shielding, as the distance
between the protrusions decreases. Finally, it is showed
that, when the triangular protrusions considered here are
sufficiently close to each other, a fast decrease of the FEF
and its non trivial variation is observed. This is expected
to yield a significant reduction in the local current density
and its variation, yielding the so called saturation of the
corresponding FN plots. Our results show that there is a
competition between shielding and morphological effects,
which may yield a FEF behavior similar to the one ob-
tained for the CPEE, although this effect does not exist
here. One should notice that, despite the similarities to
the CPEE, applications of our results to self-oscillations
and multi-tip resonators are not trivial to be done. One
reason for this is that the conformal mapping technique
used here is effective only for two-dimensional geometries,
such as the ridge emitters considered here. This kind of
geometry differs considerably, for instance, from the typ-
ical ones of nanotubes used in resonator devices. For this
reason, the present work focuses only on the degradation
and tradeoff between proximity and morphological effects
in a LAFE.
The sequence of the paper is organized as follows. In
Sec. II, the analytical expression for the apex-FEF, con-
sidering a single scalene triangular protrusion, is derived.
In Sec. III, the apex-FEF of two adjacent triangular pro-
trusions is obtained and the consequences of changing the
field emitter’s shape are studied. Section IV generalizes
the results of Sec. III to the case of distant triangu-
lar protrusions and presents the discussions considering
the tradeoff between variation of the emitter’s shape and
shielding under close proximity. Section V summarizes
the conclusions of this work.
II. FEF IN THE CASE OF A SINGLE
TRIANGULAR PROTRUSION
Before considering the case of two protrusions, we de-
rive the solution for the apex-FEF of a conducting profile
limited by a single triangular protrusion on an infinite
line under an external electric field. In summary, the
solution obtained in [19] for an isosceles triangle is now
generalized to the case of a scalene triangular protrusion
in this section, as shown in Fig. 1.
The Schwarz-Christoffel transformation [43,44] map-
ping the u-axis in the w = (u, v)→ u+ iv plane into the
polygonal line in Fig. 1 in the z = (x, y)→ x+ iy plane
3b x
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FIG. 1. Single scalene triangular protrusion on a conducting
line: z-plane.
is given by:
z(w) = A
∫ w
z0
wα+βdw
(w + 1)α(w − 1)β + C, (1)
where α = 1piarctan
(
h
a
)
, β = 1piarctan
(
h
b
)
and the points
(−1, 0), (1, 0) and (0, 0) in the w = (u, v)→ u+ iv plane
are respectively mapped into the following points in the
z = (x, y) → x + iy plane: (−a, 0), (b, 0) and (0, h).
After choosing z0 = 0, these map correlations allow one
to obtain:
C = ih (2)
and
A =
[B(α+ β + 1, 1− α)]−1√h2 + a2
2F1(β, α+ β + 1, β + 2,−1) =
=
[B(α+ β + 1, 1− β)]−1√h2 + b2
2F1(α, α+ β + 1, α+ 2,−1) . (3)
In the previous equation, the beta function (B) and the
following integral representation of the hypergeometric
function (2F1) were used:
B(b, c− b)2F1(a, b, c, z) =
∫ 1
0
xb−1(1− x)c−b−1
(1− zx)a dx. (4)
Considering the w-plane, the complex electric poten-
tial, that remains constant along the u-axis and yields a
uniform field E0 far away from the emitter, is given by
φ(w) = iA|E0|w. Thus, the electric field in the z-plane
obeys the following expression:
|Ex − iEy| =
∣∣∣∣dφ/dwdz/dw
∣∣∣∣ = |E0||w + 1|α|w − 1|β|w|α+β . (5)
In the vicinity of the point z = ih (w ≈ 0), Eq. (1), with
the values of A and C already found, can be approxi-
mated to:
|z(w)− ih| ≈
√
h2 + b2
ξ(α, β)
|w|α+β+1
α+ β + 1
, (6)
where ξ(α, β) = 2F1(α,α+β+1,α+2,−1)[B(α+β+1,1−β)]−1 . Eq. (5) can also
be similarly simplified:
|Ex − iEy| = |E0|
[√
h2 + b2|z − ih|−1
(α+ β + 1)ξ(α, β)
]
. (7)
By using the last equations, one can finally obtain the
expression for the FEF
(
γ(x, y) ≡ |E|E0
)
near the upper
corner of the triangular protrusion:
γ(x, y) ≈
[ √
h2 + b2
(α+ β + 1)ξ(α, β)∆(x, y)
] α+β
α+β+1
, (8)
where ∆(x, y) =
√
x2 + (y − h)2 is the distance from the
top of the emitter to the point (x, y), where the FEF
is evaluated. This expression is used to plot the dashed
lines in Figs. 3, 5 and 6, which will be discussed in Sec.
III and Sec. IV.
Equation (8) becomes more accurate as long as the dis-
tance to the singularity (apex corner) decreases, since it
is a consequence of a first-order approximation in a series
expansion near the corner (w = 0). Thus, this analytical
approach provides an effective method to derive the local
FEF in the vicinity of corners and tips, differently from
the numerical ones that usually fail near singularities.
For large distances to the corner, the aforementioned ap-
proximation fails and higher-order terms from the series
expansion become necessary. In this case, the (x, y) de-
pendence of the local FEF will not simply be a function
of the distance (∆(x, y)) to the corner. In the region of
validity of Eq. (8) one can consider the direction of the
electric field approximately perpendicular to the emit-
ter, in agreement with the Neumann conditions of the
problem. Furthermore, the discussion in this paragraph
applies to other local FEFs, derived in same way in the
vicinity of corners, as the ones in Eq. (16), Eq. (26)
and some of the local FEFs derived in other works in the
literature [13, 14, 19, 45].
III. FEF IN THE CASE OF TWO ADJACENT
TRIANGULAR PROTRUSIONS
In this section, we consider the case of a conducting
profile limited by two adjacent triangular protrusions on
an infinite line under an external electrostatic field, as
showed in Fig. 2 on a z = (x, y) → x + iy plane. The
two triangular protrusions have a common vertex, width
a, height h and the distance between their upper vertices
is D. To study this system, let us consider a Schwarz-
Christoffel transformation mapping the u-line and the
region above in the w = (u, v) → u + iv plane into the
polygonal line with the emitter’s shape and the region
above in the z = (x, y)→ x+ iy plane, showed in Fig. 2.
This transformation is given by the following formula:
z(w) = A
∫ w
0
(w2 − 1)α+βdw
(w2 − u2)βw2α + C, (9)
4where the exponents α and β are determined from
the angles of the polygonal line in the z-plane, α =
1
pi arctan
(
2h
D
)
and β = 1pi arctan
(
2h
2a−D
)
. This transfor-
mation fulfills the following correlations between specific
points in the w- and z-planes: w = (0, 0) ↔ z = (0, 0),
w = (±1, 0) ↔ z = (±D2 , h) and w = (±u, 0) ↔ z =
(±a, 0). The first two of these correlations yield:
C = 0 (10)
and
A =
u2β
[
B
(
1
2 − α, α+ β + 1
)]−1√
D2 + 4h2
2F1
(
β, 12 − α, β + 32 , u−2
) . (11)
The third correlation, combined with the last equation,
specifies u as a solution of the following equation:
2u2β
∫ u
1
(w2−1)α+βdw
(u2−w2)βw2α
ξ(α, β, u)
=
√√√√( ah − D2h)2 + 1(
D
2h
)2
+ 1
, (12)
where ξ(α, β, u) =
2F1(β, 12−α,β+ 32 ,u−2)
[B( 12−α,α+β+1)]
−1 .
a- D / 2 D / 2 x
y
0- a
h
FIG. 2. Two adjacent mirror-reflected triangular protrusions
on a conducting line: z-plane.
According to the discussion in Sec. II, the electric field
in the z-plane can be expressed by:
Ex − iEy = dφ
dz
=
dφ/dw
dz/dw
=
i|E0|(w2 − u2)βw2α
(w2 − 1)α+β . (13)
In the vicinity of the top of the right triangular protrusion
in Fig. 2 (w ≈ 1), the following approximation is valid:
(w2−1)α+β
(w2−u2)βw2α ≈ 2(w−1)
α+β
(1−u2)β . Thus, Eq. (9) and Eq. (13),
with C = 0, reduce to the following equations:∣∣∣∣z − (D2 + ih
)∣∣∣∣ = 2α+βA|w − 1|α+β|1(α+ β + 1)|u2 − 1|β , (14)
γ(w ≈ 1) ≡ |E|
E0
=
|u2 − 1|β
2α+β |w − 1|α+β . (15)
Combining Eq. (11), Eq. (14) and Eq. (15), one can
derive the expression for the FEF near the apex of the
right triangular protrusion:
γ(x, y) ≈
 2u2β
√(
D
2h
)2
+ 1
(α+ β + 1)ξ(α, β, u)∆(x,y)h

α+β
α+β+1
, (16)
where ∆(x, y) =
√(
x− D2
)2
+ (y − h)2 is the distance
to the top vertex of the right triangular protrusion. In
Fig. 3, the FEF near the top vertex of the protrusion
(solid lines) is plotted as a function of the ratio D/2h for
different values of the aspect-ratio h/a (ratio height-to-
width). The FEF presents a local maximum as a function
of the distance between the two upper vertices of the
protrusion. Thus, there is a region in which the FEF
increases when the distance between the peaks decreases.
The dashed lines show the FEF near the top of a single
triangular protrusion with the same shape on a line (with
projections of the protrusion on the line with dimensions
D/2 and a−D/2), in this case the FEF presents a local
minimum instead of a maximum.
FIG. 3. (Color online) The solid lines refer to the FEF near
the top of the right triangular protrusion in Fig. 2 as a
function of the ratio D/2h for different values of the aspect-
ratio h/a (ratio height-to-width) and ∆(x, y)/h = 10−5. The
dashed ones refer to the FEF near the appex of a single tri-
angular protrusion on a line with the same shape.
For small distances between the apexes (D), the results
presented here feature a local maximum in the apex-FEF
as a function of (D). This same kind of behavior was
obtained for the CPEE curves, although in the CPEE
the shape of the emitter does not vary [28, 29, 32, 33].
Thus, the CPEE does not occur for the results derived in
this section, despite the resemblance between the shape
of the curves obtained in both cases. The plot behav-
ior presented in this section is simply a consequence of
the interplay between the shielding and morphological
effects in the FEF, as long as the distance between the
apexes vary. Nevertheless, one should keep in mind that,
although the distance between the two peaks vary, the
5emitters are still adjacent. In Sec. IV we discuss the
possibility of CPEE in the case where the distance be-
tween the emitters also varies.
For higher values of the aspect-ratio (ratio height-to-
width) of the protrusions, the effect of the shape is at-
tenuated and the monotonic screening of the electric field
tends to be recovered. The same kind of screening is ob-
tained in [45]. Interestingly, for D/2h < 0.1, the FEF
near the apexes of the emitters decreases faster when they
become close to each other. This is an interesting phe-
nomena that can justify the saturation in the correspond-
ing FN plots in LAFEs, since shielding is the dominant
effect at small distances. Thus, this phenomenon can
constitute the origin of a sudden failure to emit for some
of the emitters forming a LAFE. When the emitter sites
in a LAFE are too distant from each other, the voltage-
dependent FEF reduction and the voltage-divider effect,
due to measurement-circuit resistance, may be an alter-
native explanation for the emission failure. This happens
as a result of the fact that the electrostatic interactions
between a single emitter site and the adjacent ones are
negligible for large distances between them. These limits
are considered, for instance, in Ref. [31], in which a cubic
power-law dependence of the FEF with the inverse of the
distance between the sites is obtained. Notwithstanding,
one should notice that this is not exactly what happens
in this section because the sites are not distant from each
other.
IV. FEF IN THE CASE OF TWO DISTANT
TRIANGULAR PROTRUSIONS
Finally, we generalize the results from Sec. III to the
case of a conducting profile limited by two distant trian-
gular protrusions on a line, as shown in Fig. 4, when this
system is under an external electric field. In this case,
the Schwarz-Christoffel transformation mapping the u-
axis in the w-plane into the polygonal line in Fig. 4 is
given by:
z(w) = A
∫ w
0
(w2 − u2)α+βdw
(w2 − 1)α(w2 − v2)β + C. (17)
The last equation fulfills the following correlations be-
tween points in w- and z-planes: w = (0, 0)↔ z = (0, 0),
w = (±1, 0) ↔ z = (±d2 , 0), w = (±u, 0) ↔ z = (±D2 , h)
and w = (±v, 0) ↔ z = (± (d2 + a) , 0). These correla-
tions enable one to determine the parameters A, C, u
and v in Eq. (17). Thus, one obtains:
C = 0 and A =
d
2I1(u, v)
, (18)
where u and v are solutions of the following system of
equations:I1(u, v)
√(
D
2h − d2h
)2
+ 1 = d2hI2(u, v),
I1(u, v)
√(
d
2h − D2h + ah
)2
+ 1 = d2hI3(u, v).
(19)
h
- d / 2- D / 2- ( d / 2 + a ) d / 2 d / 2 + aD / 2 x
y
0
FIG. 4. Two distant mirror-reflected triangular protrusions
on a conducting line: z-plane.
The functions Ij(u, v) (j ∈ {1, 2, 3}) are defined as fol-
lows:
I1(u, v) =
∫ 1
0
(u2 − w2)α+βdw
(1− w2)α(v2 − w2)β , (20)
I2(u, v) =
∫ u
1
(u2 − w2)α+βdw
(w2 − 1)α(v2 − w2)β , (21)
I3(u, v) =
∫ v
u
(w2 − u2)α+βdw
(w2 − 1)α(v2 − w2)β . (22)
As it happens in Sec. II and Sec. III, only three points
in the w-plane could be chosen to be mapped into spe-
cific points in the z-plane. The other points must be
determined, after solving the system of equations for u
and v. This is an intrinsic characteristic of the Schwarz-
Christoffel transformation, that can be understood as a
consequence of a much broader result: the Riemann Map-
ping Theorem [46].
Near the top of the right triangular protrusion (w ≈ u),
one may use the approximation given by:
(w2 − u2)α+β
(w2 − 1)α(w2 − v2)β ≈
(2u)α+β(w − u)α+β
(u2 − 1)α(u2 − v2)β . (23)
Using Eq. (23) and following the same steps from the
other sections, one may obtain:
|z − (D2 + ih) |
(α+ β + 1)−1
≈ A(2u)
α+β |w − u|α+β+1
|u2 − 1|α|v2 − u2|β , (24)
γ(w ≈ u) ≡ |E|
E0
=
|u2 − 1|α|u2 − v2|β
2u|w − u|α+β . (25)
Combining Eq. (18), Eq. (24) and Eq. (25), it is straight-
forward to obtain the FEF near the upper vertex of the
right triangular protrusion (w ≈ u) in Fig. 4:
γ(x, y) ≈
[
d
h (u
2 − 1) αα+β (v2 − u2) βα+β
4u(α+ β + 1)I1(u, v)
∆(x,y)
h
] α+β
α+β+1
, (26)
where now ∆(x, y) =
√(
x− D2
)
+ (y − h)2 is the dis-
tance to the vertex (D/2, h) in Fig. 4. In Figs. 5 and 6,
6the FEF near the apex of the right triangular protrusion
(solid lines) is plotted as a function of the ratios D/2h
and d/2h respectively.
FIG. 5. (Color online) FEF near the top of the right triangular
protrusion, as shown in Fig. 4, as a function of the ratio
D/2h (solid lines), for different values of the aspect-ratio h/a
(ratio height-to-width), d/2h = 0.5 and ∆(x, y)/h = 10−5.
The dashed lines refer to the FEF near the apex of a single
triangular protrusion on a line with the same shape.
FIG. 6. (Color online) FEF near the top of the right triangular
protrusion, as shown in Fig. 4, as a function of the ratio
d/2h (solid lines), for different values of the aspect-ratio h/a
(ratio height-to-width), D/2h = 1 and ∆(x, y)/h = 10−5.
The dashed lines refer to the FEF near the apex of a single
triangular protrusion on a line with the same shape.
As in the previous case, a local maximum is obtained
for the FEF as a function of the distance between the
top of the two emitters, see Fig. 5. These effects are
more pronounced for small values of the aspect-ratio (ra-
tio height-to-width). On the other hand, the behavior
of the FEF with the distance between the two emitters
is different, see Fig. 6. In this case, a global minimum
is present, which disappears for small enough values of
the aspect-ratio. The FEF of a single triangular pro-
trusion with the same shape is also plotted in Fig. 6
FIG. 7. (Color online) FEF near the top of the right triangular
protrusion in Fig. 4 when the shape of the protrusions does
not vary (D = d + 2a/c) as a function of the ratio d/2h and
the parameter c for ∆(x, y)/h = 10−5 and h/a = 0.5.
(dashed lines) revealing that the increasing of the FEF
for small distances is an effect of the change in the shape
of the emitters. In Fig. 7, this FEF is plotted for the
case in which the shape of the emitters does not change
(D = d+ 2ac ) as a function of the parameter c and the dis-
tance of the protrusions. In this case, the FEF increases
monotonically with d/2h, reinforcing our conclusions.
This implies that, although the shape of the curves re-
sembles the one from the CPEE curves in [28, 29, 32, 33],
the geometry considered here is not able to provide the
CPEE. It provides, in fact, a combination of the screen-
ing due to proximity presented in [45], together with the
effect of the change in the shape of the emitter, as showed
in [19] for the case of an isosceles triangular protrusion on
a line and in Eq. (8) for a scalene triangular protrusion.
As one varies the parameters describing the geome-
try of the emitter, a redistribution of the charge den-
sity occurs along the system, in order to achieve a new
configuration of electrostatic equilibrium. This may hap-
pen in such a way that charge carriers may migrate from
the emitter to the substrate, for equal emitters regularly
spaced in the LAFE and in the system of only two emit-
ters presented here; or from one emitter to the others,
for systems consisting of small clusters of emitters [32].
This effect of migration of charges, from one emitter to
the others or to the substrate, is called “mutual charge
blunting” [31] and it is also an active topic of research
that deserves attention in order to achieve a better under-
standing of the physics behind small clusters of emitters.
V. CONCLUSIONS
The aim of the present work was to study how the emit-
ter’s degradation, as a consequence of changing morphol-
ogy, may affect the field emission performance in small
clusters of emitters in a LAFE. Our motivation was based
7on the well known fact that the LAFE may operate under
sufficiently high temperatures, still on the field emission
regime, and electrostatic fields. These conditions may
lead to processes occurring during field emission that, as
a consequence, irreversibly changes the local site FEF
by a tradeoff between changes in the morphology and
“shielding”. Besides that, the border effects and man-
ufacturing limitations to control the geometry of a real
LAFE, may also provide a different performance than
the expected one. In order to explore these issues, we
have used conformal mapping to analytically study the
interplay between morphology and shielding effects in the
apex-FEF, for a small cluster consisting of two identi-
cal emitters. We have considered two-dimensional mod-
els (ridge emitters), which allow an analytical treatment.
This approach is convenient for obtaining theoretical re-
sults that may explain the physics underlying this kind
of phenomenon in real emitters. The emitters considered
here were represented by conducting profiles limited by
triangular protrusions on a line, which were assumed to
be under an uniform electrostatic field. We do not in-
tend to explain the physics of the degradation processes,
which is full of quantum and statistical challenges out
of equilibrium, and is much beyond the classical electro-
magnetic theory used here. We simply study the FEF at
electrostatic equilibrium for a given shape and distance
between the emitters, considering that different values of
the parameters used here may refer to different configu-
rations of the LAFE, approximately at equilibrium after
some possible degradation.
Our results feature a reduction of the local FEF and
its variation at a region very close to the top of the emit-
ters, in the limit of small distances between these apexes.
Thus, we provide a theoretical explanation for the exper-
imentally observed saturation in the FN plots, by show-
ing that it may occur as a consequence of the tradeoff
between morphological and shielding effects, as it does
in our model. The shape of our FEF plots frequently re-
sembles the ones obtained for the FEF in other works in
the literature concerning the CPEE [28, 29, 32, 33]. This
is a promising phenomenon for technological applications
in self-oscillations of multi-tip resonators. Nevertheless,
it is shown that the geometry of the ridge emitters con-
sidered here, is not able to present CPEE. The similarity
between our plots and the CPEE ones is also a conse-
quence of the tradeoff between proximity and shape of
the emitters. This represents an advance in understand-
ing the limits and the conditions necessary for occurrence
of the CPEE.
Perspectives for this work may include consideration
of other models/geometries for field emitters in a LAFE.
These models/geometries may also be amenable to ex-
plore the CPEE conditions theoretically. Additionally,
one may reinforce the theoretical explanation obtained
here for the saturation on FN plots or find alternative
reasons for that.
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